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Carg` ese Lectures on the Kerr/CFT Correspondence
Irene Bredberg, Cynthia Keeler, Vyacheslav Lysov and Andrew Strominger
Center for the Fundamental Laws of Nature
Harvard University
Cambridge, MA 02138 USA
We give a short introduction, beginning with the Kerr geometry itself, to the basic results, motivation, open
problems and future directions of the Kerr/CFT correspondence.
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1. Introduction
In the early 1970’s, work by Bekenstein, Carter,
Christodolou, Hawking, and many others [1,2,3,
4,5,6,7] raised profound puzzles about the nature
of black holes. One striking such puzzle was that,
while macroscopic arguments gave the entropy of
a black hole as one quarter of its event horizon
area:
S =
A
4¯ hG
, (1)
at the time no microscopic accounting for this
entropy was known. It seemed imperative that
we should be able to account for the black hole
entropy microscopically, just as had been done
in the nineteenth century for gases and liquids.
Without such a microstate description, we would
seem to run into serious contradictions.
This problem remained largely unsolved for
more than 20 years. Then in the mid 90’s string
theory was used [8] to explicitly identify the miss-
ing microscopic degrees of freedom for a very par-
ticular kind of black hole. This calculation de-
pended on many speciﬁc details of string the-
ory. At the end of a rather lengthy computa-
tion involving numerous factors of 2, π etc., the
Bekenstein-Hawking result (1) was reproduced by
counting microstates. At the time, it was argued
that this precise match provided indirect evidence
for string theory as the correct theory of nature.
However, about a year later, it was shown [9]
that in fact, any consistent, unitary quantum the-
ory of gravity containing those particular black
12
holes - characterized by a near-horizon region
with an AdS3 factor - as solutions must repro-
duce the entropy in essentially the same way. The
speciﬁc details of string theory as the microscopic
UV completion were not necessary. Rather, the
key ingredient followed from the analysis done by
Brown and Henneaux [10] in the 80’s: if we ﬁnd
a consistent completion of quantum gravity on
AdS3 it has to be described by a 2D conformal
ﬁeld theory due to purely symmetry considera-
tions. Thus, the detailed matching of the factors
of 2 and π was not really a consequence of string
theory but rather, it simply had to follow because
string theory is a consistent theory of quantum
gravity. Any other consistent theory must by ne-
cessity also reproduce the same result in the same
manner.1
Since then, we have slowly but surely been pro-
gressing in our understanding of the relation be-
tween black holes and 2D CFTs. We started with
5D supersymmetric black holes, then proceeded
to partially supersymmetric and then to the 3D
nonsupersymmetric black holes with near-horizon
AdS3 geometry. Recently, our understanding has
ﬁnally evolved to up the point where we can un-
derstand something about 4D Kerr black holes
that we see up in the sky.
The work we are going to discuss is heavily
informed by string theory, but none of it relies
on the conjecture that string theory is the actual
theory of nature, or on the stringy realizations
of the AdS/CFT correspondence. Instead, all of
our arguments follow from careful study of the
diﬀeomorphism group together with some basic
consistency assumptions, and do not involve any
details of Planck scale physics. Indeed it would
be very strange if the universal area-entropy law
somehow depended on the exact microscopic de-
tails of how quantum gravity is completed in the
UV!
To emphasize this point further, let us draw
an analogy of the current eﬀorts with the work
of Boltzmann in the 19th century. At that time
1The other side of the coin here is that these general argu-
ments imply that any consistent quantum theory of grav-
ity must, on an AdS3 background, behave a lot like string
theory – so much so that we might reasonably call it string
theory!
thermodynamics was understood, but people did
not know much about atoms and molecules.
Boltzmann wanted to explain the laws of ther-
modynamics by applying statistical, probabilistic
reasoning to the fundamental constituents (de-
grees of freedom) of gases and liquids. How-
ever, he encountered a UV divergence: if a gas
is treated as a continuous medium, then it has
inﬁnitely many degrees of freedom because of the
existence of arbitrarily short wavelength modes.
Any attempt to derive the thermodynamics of
gases by applying statistical reasoning to a the-
ory of a continuous medium, will hit the so called
Rayleigh ultraviolet catastrophe in which all en-
ergy is eventually sucked into the UV modes.
To avoid this problem, a consistent UV cutoﬀ
is needed. People were already talking at that
time about atoms and molecules, so Boltzmann
assumed that there was some theory of atoms, i.e.
he assumed that there was a consistent UV cutoﬀ
for gases and liquids. He did not at all need to
know what the details of this atomic cutoﬀ were;
in fact, the periodic table was not discovered until
more than ﬁfty years later. Boltzmann’s mere as-
sumption that there existed a UV cutoﬀ at some
energy scale was suﬃcient to derive the univer-
sal laws of thermodynamics from statistical rea-
soning. Of course, having a detailed microscopic
theory can provide more information; for example
if one wants to compute the heat capacity from
ﬁrst principles, one needs a detailed UV comple-
tion (that is, the actual quantum theory of atoms
and molecules).
We might hope that a similar story holds for
black holes. We should not need to know all the
details of string theory at scales of order 10−38
km in order to understand why the area law (1)
applies to the black hole Sagittarius A* in the
center of our galaxy which is 107 km across! We
should be able to understand the area law just
from the assumption that quantum gravity has
some consistent UV completion.
The stringy microscopic entropy analysis in [8]
was akin to ﬁrst computing the periodic table and
then using it to compute the laws of thermody-
namics. In this stringy black hole computation
we had far more information than was necessary
to get the area law: we had huge sets of numbers3
for degeneracies at any level. Only a tiny part of
this information turns out to be universal. We
are going to see in these lectures that this tiny
universal part can be understood using universal
reasoning and no assumptions about Planck scale
cutoﬀs. This is exactly as it should be.
In these lectures we will encounter another
much-studied object in theoretical physics which
has a lot of universal behavior: 2D conformal ﬁeld
theories. Many features we know of 2D CFTs are
independent of the details of a given CFT. Indeed,
we will ﬁnd a striking match -going far beyond the
entropy formula (1) - between the universal prop-
erties of 2D conformal ﬁeld theories and those of
black holes.
The plan for the rest of the lectures is the fol-
lowing: we will start with a review of the Kerr
geometry, including the Near-Horizon Extreme
Kerr (NHEK) geometry. Then we will cover
the asymptotic symmetry group, boundary con-
ditions for the NHEK geometry, the CFT descrip-
tion of a quantum theory of gravity in NHEK and
the surprising evidence for hidden conformal sym-
metries far from extremality. We will close with
a discussion of open problems and future direc-
tions.
2. Kerr geometry
2.1. The Kerr solution
There is a famous quote from Chandrasekhar
[11]
“.... Kerr’s solution has also surpassing theoreti-
cal interest: it has many properties that have the
aura of the miraculous about them. ”
The ﬁrst “miracle” of the Kerr story is the ex-
istence of the solution itself. It is rumored that
Einstein initially believed that no non-trivial ex-
act solution to the GR equations would ever be
found in closed form. This was quickly proven
wrong by Schwarzschild, but it took another 50
years to discover the Kerr solution. This solution
is arguably the most complicated exact solution
ever found of a nonlinear PDE describing a real
physical object. In Boyer-Lindquist coordinates,
it is
ds
2 = −
∆
ρ2
￿
dt − asin
2 θ dφ
￿2
+
ρ2
∆
dr
2+
sin
2 θ
ρ2
￿
(r
2 + a
2)dφ − adt
￿2
+ ρ
2 dθ
2, (2)
∆ = r
2 − 2Mr + a
2, ρ
2 = r
2 + a
2 cos
2 θ. (3)
with a = J/M where M is the mass and J is the
angular momentum of the black hole.2 The inner
(r−) and outer (r+) horizons are deﬁned as the
two solutions to ∆ = 0:
r± = M ±
p
M2 − a2. (4)
When a = 0, r+ = 2M and we recover the usual
Schwarzschild black hole. Another interesting
case is the extreme limit for which a = M =
√
J
and r± = M. When J > M2 the roots in the ex-
pression for the horizon radii become imaginary;
there are no horizons but instead a naked ring sin-
gularity in the curvature at r = 0. This violates
cosmic censorship. So cosmic censorship implies
the angular momentum is bounded by J ≤ M2.
Another way to understand this bound is from the
formula for the angular velocity at the horizon:
ΩH =
a
2Mr+
. (5)
When a = M, the equator of the horizon is spin-
ning at the speed of light, and so cannot spin any
faster.
According to Bekenstein and Hawking, the
black hole has a temperature and an entropy
TH =
r+ − M
4πMr+
, S = 2πMr+. (6)
Note that if a = M then TH = 0, so these extreme
rotating black holes are a kind of ground state. In
general, the ground states of a system are easier
to understand than the excited states. The fact
that TH = 0 in this special case hints that a =
M, rather than the Schwarzschild case a = 0,
describes the simplest object in the Kerr family.
2Here we have used units in which G = c = 1.4
2.2. Ergosphere
The Kerr geometry has an interesting ergo-
sphere region absent in the Schwarzschild case.
Lines of ﬁxed θ,φ,t and varying r in the Kerr ge-
ometry are space-like as long as we are outside the
event horizon r = r+. If we go to r− < r < r+,
then these lines become timelike, just like in the
Schwarzschild case when we cross r = 2M. For
Schwarzschild, lines with ﬁxed r,θ,φ and varying
t change from spacelike to timelike at the same
surface r = 2M. However, for Kerr, these lines
switch signature at the stationary limit surface,
which is given by the zeros of gtt and is outside
of the event horizon. This surface is described
by solutions to ∆ = a2 sin
2 θ and is not spheri-
cally symmetric. The region in between r = 2M
and the stationary limit surface is called the er-
gosphere.
Objects in the Kerr geometry experience a
“frame-dragging” force pushing them around the
black hole. In order to stay at ﬁxed φ out-
side a Kerr black hole we actually need to move
with some speed in the counterrotational direc-
tion. This speed increases as we approach the
stationary limit surface, and becomes the velocity
of light when we reach it. Once inside the station-
ary limit surface if we try to keep φ ﬁxed while
increasing t, we end up moving in a space-like di-
rection. Physically it means that inside this limit
surface - in the ergosphere - physical objects can-
not stay at constant φ because they would need
to move with a speed greater than light to do
so. Instead, all timelike paths rotate in the same
direction as the Kerr black hole.
The ergosphere is a fascinating and observable
region of space-time where eﬀects of general rel-
ativity are large. Measurements which probe the
physics well inside the ergosphere near the event
horizon have been made (see [12] for review). Per-
haps the most-studied example is GRS1915+105
[13], a Kerr black hole surrounded by an accre-
tion disc made up of matter which is continuously
pulled in from a nearby companion star. As the
matter in the accretion disc spirals inwards, en-
ergy is dissipated into thermal radiation which we
observe. The frequency distribution depends on
a number of factors including the gravitational
redshift which gets larger closer to the horizon.
The accretion disc has an innermost edge which
corresponds to the existence of the so-called in-
nermost stable circular orbit (ISCO) for geodesics
in Kerr. Once matter gets closer to the black hole
than the ISCO, orbits become unstable and the
matter consequently free falls into the black hole
rapidly and does not radiate anymore. Thus, the
observed frequency spectrum encodes the loca-
tion of the ISCO. This location depends on the
angular momentum of the black hole and is given
by a standard GR calculation. For rapidly rotat-
ing black holes, the ISCO almost coincides with
the event horizon, and the maximal redshift be-
comes very large. Hence the maximal redshift is
very sensitive to the deviation from extremality.
The observation of the ISCO thus allows us to get
very accurate information about J/M2 for black
holes in the sky. For example the lower bound on
the ratio J/M2 for GRS1915 + 105 is 0.98. Its
mass is known to much less precision; it is esti-
mated to be between 5 and 15 solar masses. The
sky contains other candidates for rapidly rotating
black holes. For example a measurement of the
maximal redshift of the iron line for the supermas-
sive black hole in the center of the nearby Seyfert
galaxy MCG-6-30-15 indicates J/M2 is greater
than 0.99 [14]. Given the rapid progression of
our knowledge of the sky, it is quite possible that
more such near-extreme Kerr black holes will be
discovered in the near future.
2.3. Killing-Yano tensor
Another amazing property of the Kerr geome-
try is the existence of a Killing-Yano tensor [15].
It is an antisymmetric tensor with properties sim-
ilar to those of Killing vectors. For a Killing vec-
tor Kµ, we have
∇µKν + ∇νKµ = 0. (7)
The Killing-Yano tensor satisﬁes
fµν = −fνµ, ∇(λfµ)ν = 0. (8)
The explicit expression in Boyer-Lindquist coor-
dinates is
f = acosθdr ∧ (dt − asin
2 θdφ)
− rsinθdθ ∧
￿
−adt +
￿
r2 + a2￿
dφ
￿
. (9)5
This is yet another “miracle” of the Kerr story,
since there is no obvious reason for this tensor
to exist. Perhaps we will learn something about
it from Kerr/CFT, whose consistency relies on
the existence of this tensor. Carter used (9) to
construct a symmetric tensor [16]
Kµν = f λ
µ fλν, ∇(µKνρ) = 0 (10)
and an extra conserved charge for geodesics:
Q = ˙ xµ ˙ xνKµν. (11)
Consequently we have 3 constants of motion and
can solve analytically for Kerr geodesics. It also
allows us to separate variables for the Laplace
equation in the Kerr geometry.
Despite having an explicit expression for the
Killing-Yano tensor, we still do not fully under-
stand its geometric origin. An intriguing observa-
tion has been made by Gibbons et. al. [17] relat-
ing it to a novel type of supersymmetry. The con-
served Carter constant is the square of a novel su-
percharge (roughly ψ µfµλ) related to the Killing-
Yano tensor. Of course, there is no actual super-
symmetry in the usual sense for the Kerr solution.
3. NHEK=near-horizon limit of extreme
Kerr
Now we turn to the near-horizon region of the
extreme Kerr black hole where life simpliﬁes dra-
matically. Often in physics if we can not under-
stand a system exactly, we ﬁrst explore it in a
limit where things simplify. In condensed mat-
ter physics the standard trick is to take the low-
energy limit where atomic/molecular details can
be ignored. In the present case of black holes we
will go to small radii, but small radii correspond
to high redshifts so this is also a low-energy limit.
A heuristic explanation for why things simplify
in the near-horizon limit is that inside the er-
gosphere, physical objects have to rotate around
with the black hole. At the horizon of the ex-
treme black hole, they must rotate around at the
speed of light and hence only chiral (co-rotating
as opposed to counter-rotating) degrees of free-
dom appear. Purely chiral excitations are highly
constrained. This is roughly why we expect quan-
tum gravity to simplify in this limit.
3.1. Extreme limit
In the limit a = M, formulae for the full Kerr
geometry simplify:
r± = a = M, S = 2πM2 = 2πJ,
TH = 0, ΩH =
a
2Mr+
=
1
2M
. (12)
The metric reduces to
ds2 = −
∆
ρ2
￿
dˆ t − asin
2 θdˆ φ
￿2
+
ρ2
∆
dˆ r2+
sin
2 θ
ρ2
￿
(ˆ r2 + a2)dˆ φ − adˆ t
￿2
+ ρ2dθ2, (13)
∆ = (ˆ r − a)
2 , ρ
2 = ˆ r
2 + a
2 cos
2 θ. (14)
3.2. Near-horizon limit
We want to study the near-horizon region of
the extreme Kerr solution. This region has en-
hanced isometries just like the near-horizon AdS
regions of various black brane solutions. We fol-
low Bardeen and Horowitz [18] and zoom in on
the region r = M by introducing a scaling pa-
rameter λ → 0. New coordinates
r =
ˆ r − M
λM
(15)
t =
λˆ t
2M
, φ = ˆ φ −
ˆ t
2M
. (16)
are held ﬁxed as λ is scaled. Note that for any
ﬁnite r, the original radial coordinate ˆ r is forced
to be very near the horizon value M for λ → 0.
In the limit, we obtain the smooth geometry
ds2 = 2Ω2J
￿
dr2
r2 + dθ2 − r2 dt2
+ Λ
2(dφ + rdt)
2
￿
, (17)
involving two functions of θ given by
Ω2 =
1 + cos2 θ
2
, Λ =
2sinθ
1 + cos2 θ
. (18)
Formula (17) is known as the near-horizon ex-
tremal Kerr geometry (NHEK). The black hole6
angular momentum J appears only as an overall
factor in front of the metric. Since this solution
arises in the limit of a coordinate transformation
of the Kerr solution, it is a solution to the Einstein
equations. The metric (17) is not asymptotically
ﬂat; in fact it has very peculiar asymptotics as
r → ∞.
It is not hard to see that for slices of ﬁxed polar
angle θ, we have a 3D geometry which is locally
a “warped” version of AdS3. At the special value
θ = θ0 : Λ(θ0) = 1 and the local metric is exactly
that of AdS3:
ds2 = 2Ω2J
￿
−r2dt2 +
dr2
r2 + (dφ + rdt)2
￿
. (19)
Since we know that gravity on AdS3 always has
a conformal symmetry [10], this is a strong hint,
which we follow up on below, of an underlying
conformal symmetry for extreme Kerr.
Globally, the θ = θ0 slice of NHEK is a quotient
of AdS3. The reason for this is that the angle φ
is periodically identiﬁed φ ∼ φ + 2π. We already
know [19] that a quotient of AdS3 space is related
to the ﬁnite temperature partition function of the
dual conformal ﬁeld theory. Later we will see that
the identiﬁcation φ ∼ φ + 2π plays the same role
in implying a ﬁnite temperature in the context of
Kerr/CFT .
The warped AdS3 geometries appearing at
generic ﬁxed θ are of general interest in a number
of contexts [20,21,22,23,24,25,26,27,28,29,30,31]
(for dS3 cousins see [32]). They are Lorentzian
analogs of the squashed S3. The ordinary round
S3 has the isometry group SU(2) × SU(2). Of
course S3 is a Hopf ﬁbration of S1 over S2
with a speciﬁc radius of the ﬁber. If we deform
the radius of the S1 ﬁber, we break SU(2) ×
SU(2) down to SU(2) × U(1). Similarly, one
can write quotients of AdS3, which has isometry
SL(2,R)R×SL(2,R)L, as a Hopf-like ﬁbration of
S1 over AdS2 – this is essentially equation (17).
Warped AdS3 is then obtained by deforming the
ﬁber radius and has the reduced isometry group
SL(2,R) × U(1). Thus, every section of ﬁxed
θ in the NHEK geometry has SL(2,R) × U(1).
This turns out to give the full isometry group of
NHEK.
4. Asymptotic Symmetry Group
In order to make sense of quantum gravity on
the NHEK space we must specify boundary con-
ditions. This is our next problem. An immediate
issue is that the boundary at r → ∞ is rather
peculiar. It does not look like the boundary of
Minkowski space or that of AdS space. In order
to deﬁne the theory we need to say something
about the boundary conditions at this boundary.
An important notion in doing this is the so-
called asymptotic symmetry group (ASG), which
is made up of the allowed diﬀeomorphisms mod-
ulo the trivial diﬀeomorphisms
ASG =
Allowed diﬀeomorphisms
Trivial diﬀeomorphisms
. (20)
4.1. Allowed diﬀeomorphisms
To determine which are the allowed diﬀeomor-
phisms, we need to specify boundary conditions.
Typically these will be of the form
gab = g0
ab + O(r−pab) (21)
as r approaches the boundary at inﬁnity with g0
ab
being a background metric and pab a set of inte-
gers. Given the boundary conditions, the allowed
diﬀeomorphisms ξ are diﬀeomorphisms for which
the variation δξg of any allowed metric g results in
a metric that is itself allowed. For example for 4D
quantum gravity in asymptotic Minkowski space
we typically demand that the metric approach
the ﬂat Minkowski metric plus 1/r corrections.
We then are not allowed to consider diﬀeomor-
phisms which go like r16 because this produces
metric variations which do not vanish at inﬁn-
ity and therefore violate the boundary conditions.
Note that the deﬁnition of the allowed diﬀeomor-
phisms does not require any information about
dynamics.
4.2. Trivial diﬀeomorphisms
On the other hand, to know what the trivial dif-
feomorphisms are, we do need to know about the
dynamics. Once dynamics are speciﬁed, for every
diﬀeomorphism ζ there is an associated charge Qζ
canonically constructed to obey
{Qζ,Φ}DB = LζΦ (22)7
where {·,·}DB is the so-called Dirac bracket (the
discussion at this point is classical) and Φ is any
ﬁeld in the theory. The Dirac bracket is a mod-
iﬁcation of the Poisson bracket designed to ac-
commodate local symmetries and the associated
constraints. For example if we have a discrete set
of constraints Ci, then the Dirac bracket of two
ﬁelds is deﬁned as
{A,B}DB = {A,B} − {A,Ci}{Ci,Cj}−1{Cj,B}
(23)
with {·,·} being an ordinary Poisson bracket.
This bracket manifestly vanishes if A is itself a
constraint and so preserves the constraints. In
gravity the index i is continuous and the inverse
matrix {Ci,Cj}−1 is a nonlocal Green’s function.
For local symmetries the generator of the dif-
feomorphism Qζ has the generic form
Qζ =
Z
boundary
X +
Z
bulk
C. (24)
Typically the bulk term vanishes due to the
constraint equations (Gauss’ law for electromag-
netism or the G0µ constraint for gravity), so the
diﬀeomorphisms are always generated by bound-
ary terms. The most familiar gravity example of
this is the ADM mass. This generates time trans-
lations via the Dirac bracket and is the Hamilto-
nian of the theory. Because of the non-local na-
ture of the Dirac bracket, it is possible for the
boundary term by itself to generate a symmetry
over the entire spacetime.
Returning to our discussion of the ASG and
the quotient (20), a trivial diﬀeomorphism ζ is
one for which Qζ = 0. For example any diﬀeo-
morphism that has compact support and vanishes
at inﬁnity is going to be trivial. The generators
of the ASG can thus be thought of roughly as dif-
feomorphisms which are allowed by the boundary
conditions but die oﬀ slowly enough at inﬁnity to
yield nonzero charges.
4.3. Discussion
In the quantum theory, the states should be an-
nihilated by the trivial diﬀeomorphisms and must
transform in representations of the ASG. Conse-
quently this analysis provides us with the non-
trivial symmetry group of the quantum theory.
There might appear to be much ambiguity in
deﬁning the theory because of the fact that we
can start out with a large variety of boundary
conditions. However, if we start with generic
boundary conditions we will run into trouble if
they are either too strong or too weak. Suppose
we start with 4D Minkowski space and demand
that the metric components fall oﬀ as O(1/
√
r)
instead of the more usual O(1/r). Applying (22),
we will ﬁnd that the generator Q is not always
well-deﬁned since the volume of the boundary
goes like r2, the integrand falls oﬀ like r−3/2 (for
some cases) and the integral (22) therefore di-
verges. This illustrates that the generators do
not exist if we impose boundary conditions which
are too weak. In the case of too strong bound-
ary conditions, for example O(r−17), the energy
is always zero and the only consistent theory is
one with a single state which is ﬂat space with no
gravitons or anything. So if we make the bound-
ary conditions too weak, the generators are not
well deﬁned and if we make them too strong, the
theory becomes trivial. In all the examples we
know of there is only a very small window for in-
teresting boundary conditions. Sometimes there
is more than one consistent choice, but typically
very few possibilities arise.
The asymptotic symmetry group is a very im-
portant and subtle concept. It may seem like we
have described a fancy mechanism to reproduce
results we already know, for example that the
Poincar´ e group is the ASG of asymptotically spa-
tially Minkowskian gravity. Indeed, it often hap-
pens that the ASG is simply the isometry group
of the vacuum. However this is not always the
case. The most famous example is AdS3 [10].
For AdS4, the ASG is the same as the vacuum
isometry group SO(3,2). Naively we might as-
sume that similarly for AdS3 the ASG is SO(2,2),
but in fact there is no consistent way to deﬁne a
nontrivial theory in AdS3 with SO(2,2) as the
ASG. If we want to accommodate any ﬁnite en-
ergy excitations we need weaker boundary condi-
tions - weak enough to give an ASG generated by
two copies of the Virasoro algebra. The resulting8
theory has states transforming in representations
of the 2D conformal group. Simply by analyz-
ing the ASG, we arrive at the far-reaching con-
clusion that any consistent deﬁnition of quantum
gravity on AdS3 space has to be a conformal the-
ory in this sense. This was discovered by Brown
and Henneaux in the 80’s. Their analysis did not
provide details about what the consistent deﬁni-
tion, if any, of quantum theory of gravity in AdS3
should be. Indeed it was a decade later [8] before
we found, using string theory and extra compact
dimensions, an example of a consistent UV com-
pletion of quantum gravity in AdS3 space.
Another highly nontrivial example is the ASG
evaluated at future null inﬁnity in asymptoti-
cally Minkowskian spaces. This is an inﬁnite-
dimensional group known as the BMS group. The
full implications of this seem to be yet to be un-
derstood. Some interesting recent observations
appear in [33].
5. Kerr/CFT
A lot of machinery had been developed over the
years [28,34,35,36,37] to describe Dirac brackets
and the Qζ generators. We now simply want to
apply this machinery and ﬁnd a consistent set
of boundary conditions for NHEK. In our ﬁrst
analysis we impose a restriction to ensure that
our boundary conditions preserve extremality, i.e.
E = M2 − J = 0. (25)
We will discuss nonextremal cases later in these
lectures. A motivation for studying extreme Kerr
black holes ﬁrst is that they are in some regards
real-world analogs of the extreme black holes we
have successfully analyzed in string theory, and
may be easier to understand than the general case
involving nonzero energy E. One set of consistent
boundary conditions with E = 0 has been found.
In the several years which have passed since the
original Kerr/CFT paper [38] was published, no-
body has found another solution to this problem.
This suggests they may be unique but there is no
proof.
5.1. ASG for NHEK
The boundary conditions require
htt = O(r2), htφ = hφφ = O(1),
hφr = hθθ = hθφ = hθt = O(r−1),
hrr = O(r−3), htr = hθr = O(r−2). (26)
In terms of the h the E = 0 boundary condi-
tion is the vanishing of an ADM-like integral over
the boundary. The explicit expression is given in
equation (33) below with ζ = ∂τ.
The most general diﬀeomorphism preserving
these boundary conditions is
ζ =
￿
ǫ(φ) + O(r−2)
￿
∂φ + [−rǫ′(φ) + O(1)]∂r
+
￿
C + O(r−3)
￿
∂τ +
￿
O(r−1)
￿
∂θ (27)
where ǫ(φ) is an arbitrary smooth function and C
is an arbitrary constant. The subleading terms in
(27) and leading ∂τ term correspond to the trivial
diﬀeomorphisms i.e they do not contribute to Qζ.
Therefore we can take the leading part
ζ(ǫ) = ǫ(φ)∂φ − rǫ′(φ)∂r (28)
as a representation of the quotient (20). In other
words, this vector ﬁeld generates the asymptotic
symmetry group of the NHEK geometry. It is
convenient to introduce a basis
ζn ≡ ζ(−e−inφ) = −e−inφ∂φ − ine−inφr∂r. (29)
The Lie bracket3 of the vector ﬁelds ζn satisﬁes
i[ζn,ζm] = (m − n)ζm+n. (30)
From (30) we learn that the asymptotic symmetry
group is generated by one copy of the Virasoro
algebra. There is no central charge here because
this is just a classical vector ﬁeld computation.
5.2. Central charge
Rather than studying the Lie brackets of ζn,
we now want to consider the Dirac bracket of
the charges generating the ζn diﬀeomorphisms.
By construction, the Dirac bracket algebra of the
charges satisﬁes
{Qζ,Φ}DB = LζΦ. (31)
3[X,Y ] = LXY − LY X9
Using the Jacobi identity, this implies that
{Qζ,Qξ}DB = Q[ζ,ξ] + cζξ, (32)
where cζξ is the central term. Amazingly enough,
the central term in (32) can be calculated us-
ing classical gravity from the explicit expression
for Qζ. Inﬁnitesimal charge diﬀerences between
neighboring geometries gµν and gµν + hµν are
given by
δQζ =
1
8πG
Z
∂Σ
Kζ(h,g) (33)
where the integral is over the boundary of the
spatial slice and
Kζ(h,g) = −
1
4
ǫαβµνdx
α ∧ dx
β
h
ζ
νD
µh
− ζνDσhµσ + ζσDνhµσ +
1
2
hDνζµ
+
1
2
hσν(Dµζσ − Dσζµ)
i
. (34)
This expression and its many precursors have
been studied in the literature for a long time,
starting with ADM back in the 50’s, and so has
by now been worked out in great detail. From
(33) we can determine the central charge by ap-
plying it to ﬂuctuations h = Lξg (g here is the
NHEK metric) produced by the allowed diﬀeo-
morphisms. This results in a very explicit ex-
pression for the central charge:
cξζ =
1
8πG
Z
∂Σ
Kζ(Lξg,g). (35)
In terms of the basis (29) one ﬁnds
{Qζm,Qζn}DB = Q[ζm,ζn] − iJ(m
3 + 2m)δm+n.
(36)
The classical charges Qζ have units of action so
we can use ¯ h to deﬁne a dimensionless quantity
¯ hLn = Qζn +
3J
2
δn (37)
and then apply the usual quantization rules to the
Dirac bracket {·,·}DB → − i
¯ h[·,·] for these. The
quantum charge algebra turns out to be
[Lm,Ln] = (m − n)Lm+n +
J
¯ h
m(m
2 − 1)δm+n.
(38)
From this we can read oﬀ the central charge for
the NHEK geometry:
c =
12J
¯ h
, (39)
where we have reinstated the factor of ¯ h normally
set to one. This means that the E = 0 states in
NHEK with the boundary conditions (26) must
form representations of one copy of the Virasoro
algebra with central charge 12J
¯ h and hence in this
sense comprise a (chiral half of) a 2D CFT4.
From this analysis, we do not know if the CFT
is local or unitary. We also cannot say, without
an explicit microscopic construction, if the con-
formal symmetry persists beyond the semiclassi-
cal limit considered here. However, since Kerr
black holes do exist, we do know that the struc-
ture we have found arises as a limit of a consistent
physical system.
While 2D conformal symmetry often appears
in critical point behavior of real-world condensed
matter systems, this is the ﬁrst time it has arisen
in limits of observable astronomical systems. The
2D conformal symmetry arises here with a holo-
graphic connection to the 4D diﬀeomorphism
group (note the radial ǫ′∂r term in (28)). This
connection opens the door to adapting the beau-
tiful insights in string theory holography to real-
world black holes.
5.3. Cardy entropy
Conformal ﬁeld theories have many universal
properties and we would like to map these to the
many universal properties of black hole dynam-
ics. The ﬁrst thing we would like to understand
is whether or not there is some way for us to re-
cover the Bekenstein - Hawking formula for black
hole entropy. For the extreme Kerr geometry
SBH = 2πJ. One would like to understand this
in terms of the microstate degeneracy of a CFT
at ﬁnite temperature. This is at ﬁrst puzzling
since we know that extreme Kerr has zero Hawk-
ing temperature. However there are two relevant
conserved quantities. One of these is the energy
which is conjugate to the Hawking temperature
4We henceforth take ¯ h = 1.10
and the other is an angular momentum conju-
gate to the angular velocity. We are interested
in counting extreme Kerr microstates which are
moving at the speed of light in the near-horizon
region of the black hole. Roughly speaking this
means that the quantum number we are after is a
linear combination of the energy and the angular
momentum. Let’s be speciﬁc.
In general, a black hole represents not a pure,
but a mixed, state and the quantum ﬁelds around
the black hole are in a thermal state. For a
Schwarzschild black hole, the thermal state is
weighted by the Boltzmann factor
e
−ω/TH. (40)
Adding angular momentum changes this to
e
−(ω−mΩH)/TH (41)
with ΩH being the angular velocity of the horizon
which for extremal Kerr is ΩH = 1/2M. When
we carefully take the extreme limit of Kerr, TH
goes to zero, but this does not necessarily mean
that the weighting factor (41) is trivial. The rea-
son for this is the possibility of states which have
ω very near mΩH. In the extreme limit TH → 0,
we get ω = mΩH states contributing to a density
matrix weighted by the angular momentum m.
Carefully taking the limit one ﬁnds for TH → 0
e
−(ω−mΩH)/TH → e
−2πm = e
−m/TL. (42)
From here we can read oﬀ the relevant temper-
ature as TL = 1/2π. We can also note that the
angular momentum m is the eigenvalue of L0. Us-
ing the Cardy entropy formula for a chiral CFT,
we ﬁnd the entropy obeys
Scardy =
π2
3
cTL =
π2
3
12J TL = 2πJ. (43)
which matches the Bekenstein - Hawking entropy
(6) exactly!
Note that since we do not know the exact CFT,
we cannot be sure that it is in the class of uni-
tary and modular invariant theories for which the
Cardy formula is known to apply. We only know
some very general properties of this CFT. In or-
der to provide an exact description we would need
to know all the microscopic laws of physics to the
Planck scale and beyond. In string theory we
take a top-down approach: we assume some mi-
croscopic description and that way we know ev-
erything about the dual CFT. That is not what
we are doing in these lectures. Rather we are
taking a bottom-up approach and must live with
some uncertainty about the details of the CFT.
We are trying to understand how the universal
properties of black holes might follow from any
consistent UV completion of the known laws of
physics. We are not trying to ﬁnd the comple-
tion. So rather than try to prove that the Cardy
formula is applicable, we take the precise agree-
ment of the Bekenstein-Hawking and Cardy en-
tropy formulas resulting from our ASG analysis
as the ﬁrst piece of evidence both for the appli-
cability of the Cardy formula and the physical
relevance of the picture of extreme Kerr as a 2D
CFT. More evidence will appear below.
Roughly speaking, the Cardy formula works
when we are justiﬁed in applying statistical rea-
soning. It pertains to the statistical limit of 2D
CFTs and hence is related to the statistical limit
of black holes as studied in [39]. A suﬃcient,
though not necessary, condition for the Cardy for-
mula to be valid is that the temperature is large
compared to the central charge. Clearly this is
not the case here. It was also not the case for
the stringy black holes studied in [8]. There, the
temperature was just one of the charges and in
the limit when the supergravity approximation
was valid, the temperature was parametrically
small compared to the central charge. Often, a
suﬃcient condition for the applicability of the
Cardy formula is that the temperature is large
relative to the gap or lightest excitation of the
theory, which means that a large number of de-
grees of freedom are excited. Essentially it is just
a thermodynamic approximation applied to the
many degrees of freedom in the CFT. We actually
know that the gap for extreme Kerr must be very
small. It was computed in a paper by Preskill,
Schwarz, Shapere, Trivedi and Wilczek [39] two
decades ago using only semiclassical reasoning.
They showed that if the gap for extreme black
holes is suﬃciently large, the Hawking calculation
would be invalid since a black hole can not radiate11
quanta with energies less than the gap. Therefore
a large gap is inconsistent with the semiclassical
Hawking calculation. This argument can provide
also us with an upper bound on the size of the
gap. For case of Kerr, the L0 gap is of order 1/J.
The temperature TL = 1
2π is already much larger
than this, so the Cardy formula may plausibly
apply. A similar story justiﬁed the string theory
computations [40].
So far in our matching between gravity and
the CFT, we have found agreement with just
one number. However there are many general-
izations of this construction in which the cen-
tral charge and entropy are complicated func-
tions of various geometrical data and the func-
tions are matched in entirety [41,42,43,44,45,
46,47,48,49,50,51,52,53,54,55,56,57,58]. Further,
and qualitatively diﬀerent, supporting evidence
for Kerr/CFT comes from scattering amplitudes
in NHEK. Kerr scattering amplitudes were com-
puted long ago in [59,60,61,62,63]. They turn
out to be complicated products involving ratios
of four gamma functions with arguments depend-
ing on the energies and spins of the black hole
and the incoming and outgoing waves . It has
been shown in a variety of contexts [64,65,66,67]
that these correspond exactly to the ﬁnite tem-
perature CFT correlators! Hence the picture of
extreme Kerr as a CFT holds together well.
5.4. Beyond extremality
The natural next question is how to go be-
yond extremality, i.e. to the case where E =
M2 − J > 0. For inﬁnitesimally small deviations
from extremality, Castro and Larsen [68] and oth-
ers [69,70,71] found an alternate set of boundary
conditions which lead to a second copy of the Vi-
rasoro algebra. Since the conserved charge E de-
rives from an SL(2,R) isometry of NHEK, the
relevant Virasoro algebra is an enhancement of
the SL(2,R) isometry rather than the enhance-
ment of the U(1) described above.
In order to go beyond linear deviations from
extremality, we need to include the eﬀects of
backreaction. The backreacted geometry is no
longer asymptotically NHEK and the whole pic-
ture breaks down. It is not clear exactly what
this means or how to proceed further at this point.
One approach is to try to get some insight by em-
bedding Kerr/CFT in string theory and see how
the issue resolves itself in that context.5
We will not further explore this direction in
these lectures. However in the next lecture we
will ﬁnd encouraging results by approaching the
issue from a diﬀerent angle. We simply analyze
the form of the scattering amplitudes and entropy
functions and ﬁnd surprisingly that at low ener-
gies they take exactly the form expected for a
CFT – even far from extremality! We have no
a priori explanation for this “hidden” conformal
symmetry but it seems to indicate more Kerr mir-
acles still await discovery.
6. Hidden conformal symmetry for generic
Kerr
6.1. Wave equation as SL(2,R) Casimir
Consider the scalar Laplacian ∇2 in the Kerr
geometry. Using the Killing-Yano tensor we
can construct a second-order diﬀerential opera-
tor fα
µfαν∇µ∇ν which commutes with ∇2. This
allows the wave equation to be separated [16]:
Φ(t,r,θ,φ) = e−iωt+imφR(r)S(θ). (44)
Denoting the separation constant Kℓ we have
− KlS(θ) =
￿
1
sinθ
∂θ(sinθ∂θ)
−
m2
sin
2 θ
+ ω
2a
2 cos
2 θ
￿
S(θ), (45)
and
KlR(r) =
￿
∂r(∆∂r) +
(2Mr+ω − am)2
(r − r+)(r+ − r−)
−
(2Mr−ω − am)2
(r − r−)(r+ − r−)
+ (r2 + 2M(r + 2M))ω2
￿
R(r). (46)
Both of these equations are solved by Heun func-
tions which are known only numerically. How-
ever, we can try to simplify the equations by go-
ing to low frequencies. The last term in (45) can
5 Some recent progress along those lines appeared, after
these lectures were given, in [72,73].12
be neglected if ωM ≪ 1 i.e. for excitation wave-
lengths larger than the black hole radius. In this
case, the geometry can be divided into two regions
“Near” : r ≪
1
ω
,
“Far” : r ≫ M (47)
with large overlaps. We can then solve the equa-
tions (45) and (46) in both the near and far re-
gions, and match the solutions at any value rmatch
of r in the intermediate region
M ≪ rmatch ≪
1
ω
. (48)
The fact that, in this approximation, the answer
cannot depend on rmatch implies that the solu-
tions in the near region must behave in some
special symmetric way under transformations of
rmatch. Moreover since the redshift factor de-
pends on r, transformations of rmatch are tied to
scale transformations. This strongly hints that
the near region physics should exhibit some kind
of conformal symmetry arising from invariance of
the full answer under shifts of the matching sur-
face. We will see below that this is indeed the
case.
In the limit ωM ≪ 1, the equation (45) sim-
pliﬁes to the spherical Laplacian and is solved
in terms of spherical harmonic functions with
Kl = l(l + 1). The radial equation (46) in the
far region is solved by Bessel functions. In the
near region, the equation simpliﬁes to
￿
∂r(∆∂r) +
(2Mr+ω − am)2
(r − r+)(r+ − r−)
−
(2Mr−ω − am)2
(r − r−)(r+ − r−)
￿
R(r) = l(l + 1)R(r),
(49)
whose solutions are hypergeometric functions. In
order to obtain the solution for the full geome-
try we need to do a matching between the two
regions. The fact that the hypergeometric func-
tions form representations of SL(2,R) gives us
further reason to expect some hidden conformal
symmetry.
This near region SL(2,R) symmetry that ap-
pears in the Laplace equation for scalar perturba-
tions can be made explicit by introducing natural
‘conformal’ variables
w
+ =
r
r − r+
r − r−
e
2πTRφ
w− =
r
r − r+
r − r−
e2πTLφ−t/2M (50)
y =
r
r − r+
r − r−
eπ(TR+TL)φ−t/4M
where
TL =
r+ + r−
4πa
, TR =
r+ − r−
4πa
. (51)
We can deﬁne the vector ﬁelds
H1 = i∂+
H0 = i
￿
w+∂+ +
1
2
y∂y
￿
(52)
H−1 = i
￿
w+2∂+ + w+y∂y − y2∂−
￿
and
¯ H1 = i∂−
¯ H0 = i
￿
w
−∂− +
1
2
y∂y
￿
(53)
¯ H−1 = i
￿
w
−2∂− + w
−y∂y − y
2∂+
￿
which obey the SL(2,R) algebra
[H0,H±1] = ∓iH±1, [H−1,H1] = −2iH0, (54)
and similarly for ¯ H0 and ¯ H±1. The SL(2,R)
quadratic Casimir, written in (t,r,θ,φ) variables,
is
H2 = ¯ H2 = ∂r(∆∂r)+
(2Mr+ω − am)2
(r − r+)(r+ − r−)
−
(2Mr−ω − am)2
(r − r−)(r+ − r−)
. (55)
As a result of this, the equation (49) for Φ(r) in
the near region can be written
H2Φ = ¯ H2Φ = l(l + 1)Φ. (56)
This gives the solutions for Φ as representations
of SL(2,R) with conformal weights
(hL,hR) = (l,l). (57)13
However, although SL(2,R)L × SL(2,R)R is a
symmetry of the near region scalar wave equation,
it is broken by the extra periodic identiﬁcation
φ ∼ φ + 2π. (58)
Under the identiﬁcation (58), the conformal co-
ordinates identify as
w+ ∼ e4π
2TRw+, w− ∼ e4π
2TLw−,
y ∼ e2π
2(TR+TL)y.
(59)
This identiﬁcation is generated by
g = e−4π
2iTRH0−4π
2iTL ¯ H0,
g ∈ SL(2,R)L × SL(2,R)R, (60)
which is exactly the form of the identiﬁcation for
a CFT partition function at ﬁnite temperature
(TL,TR).
We stress that the near region discussed above
is not a “near-horizon” region since r can be arbi-
trarily large for ﬁxed M and the conformal sym-
metry, although it acts on solutions of the wave
equation, is not a geometric isometry!
6.2. Cardy entropy
Now let us simply suppose there is some under-
lying CFT at the temperatures (51) for generic
Kerr. Its entropy would be given by the Cardy
formula
S =
π2
3
cLTL +
π2
3
cRTR. (61)
We only know the central charges cL = cR = 12J
for the extreme case and ﬁrst order variations
awayfrom extremality. So we further assume that
the central charges behave smoothly and that
they do not change as we move away from the
extremal case. Using (51) for the temperatures,
we arrive at
SCardy =
π2
3
12J
￿
r+ + r−
4πa
+
r+ − r−
4πa
￿
=
2πr+J
a
= 2πMr+ = SBH! (62)
Comparing this to the Bekenstein - Hawking for-
mula (6), we see an impressive and detailed match
for general M,J Kerr black holes. One can also
look at the near-region low-energy scattering am-
plitudes. These agree precisely with those of a
CFT [74] even for nonextremal Kerr. Hence the
scattering amplitudes exhibit symmetries which
do not come from manifest symmetries of the ac-
tion. Another example of such ‘hidden’ symme-
tries which are not manifest in the action but ap-
pear in the scattering amplitudes is described in
lectures at this school by N. Arkani-Hamed on 4D
N = 4 SYM theory.
Let us summarize. There is no a priori ASG
or other type of argument indicating that black
holes with generic values of M and J are dual
to 2D CFTs. Nevertheless a phenomenological
analysis of the scattering amplitudes and entropy
formulae reveals that they exhibit a hidden 2D
conformal symmetry: yet another ‘miracle’ of the
Kerr story. The challenge now is to understand
why this should be so.
7. Future directions
While some things have been understood at
this point, there are several remaining, interre-
lated puzzles/questions concerning the theoret-
ical structure of Kerr/CFT, some of which we
have mentioned along the way. Related quan-
tum gravity questions were explored in the previ-
ous Carg` ese lectures [75]. These Kerr/CFT puz-
zles/questions include
(i)Boundary conditions are known which give ei-
ther a left or a right -moving Virasoro generating
the ASG. Are there boundary conditions which
simultaneously give both? If not, why not?
(ii)How do we understand the fact that at ﬁnite
M2 − J the NHEK region disappears?
(iii)How do we match the instability of extreme
Kerr due to quantum Unruh-Starobinsky super-
radiance to properties of the CFT?
(iv)Where did the hidden conformal symmetry
come from and why does the Cardy formula
work? Is there a generalization of the standard
ASG analysis which can be applied to the r ≪ 1
ω
near-region to explain the hidden conformal sym-
metry?
(v) One might hope to match a thermal state
in a nonchiral CFT with the general Kerr black14
hole. Such a state has three parameters: c, TL
and TR, while Kerr has only M and J, and can
therefore at best describe a subspace of the CFT
states. Where does the restriction to a subspace
come from? Is there a holographic dual for the
generic CFT state?
Perhaps the most promising approach to
addressing these questions is by embedding
Kerr/CFT into string theory. Indeed many as-
pects of the parallel Brown-Henneaux analysis of
AdS3 were not understood until a stringy em-
bedding was discovered. Recently (after these
lectures were given), progress has been made in
this direction in the context of charged spinning
black holes in ﬁve dimensions with a Kaluza-
Klein S1 [72]. The structure of the correspond-
ing NHEK geometry depends on the value of the
electric charge. When the charge is pushed to
its maximal value, the NHEK geometry locally
approaches AdS3×S3. The dual at the maximal-
ity is then easily identiﬁed with standard stringy
methods and has the central charge predicted by
Kerr/CFT. The linearized properties away from
this maximal point also agree with Kerr/CFT ex-
pectations. Even more recently [76], the dual
theory has been identiﬁed for all ﬁnite submaxi-
mal values of the charge as the low energy limit
of a certain wrapped D-brane conﬁguration with
nonzero charge densities, and found to be related
to the so-called dipole-deformed gauge theories.
One hopes that this intricate construction can be
used to shed light on the general puzzles discussed
above, and suggest answers which do not depend
on the details of string theory.
Of course since Kerr/CFT applies to the real
world, it is not necessary to understand all as-
pects of its theoretical structure before attempt-
ing to ﬁnd observational consequences of the sym-
metry. It is often the case in physics that the
comparison of theory to experiment is an ingredi-
ent in understanding both! Kerr/CFT is a state-
ment about a symmetry which applies to objects
seen in the sky. At present, the observational
data from those objects is good and rapidly im-
proving. There are many observed phenomena
which are not understood [13,12]. Symmetries of-
ten provide both predictions about and a useful
framework for organizing the observational data.
They also suggest what to look for. Analyses of
black hole properties tend to focus either on the
non-rotating case or small perturbations in the
rotation parameter. Perhaps interesting simpli-
ﬁcations and structures occur near extremality.
This direction seems ripe for exploration in the
near future.
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